We make a comprehensive analysis of an extended supersymmetric model (ESSM) obtained by adding a pair of vector-like families to the minimal supersymmetric standard model and having specific forms of 5 × 5 fermion mass matrices. The two-loop Yukawa effects lead to an unified coupling ∼ 0.2 and unification scale ∼ 10 16.9 GeV. The renormalization effects of the extra vectorlike generations on soft masses make the superparticle mass spectrum distinct from MSSM. This also has important effects on the charge and color breaking minima. We demonstrate that there exists minima of the Higgs potential which satifies the mass of the Z boson but avoid electric charge and color breaking. Upper limit on the mass of the lightest Higgs from one-loop effective scalar potential is derived which reduces from MSSM.
Introduction
incidentally arise rather generically in string theories, may well exist in the TeV region, (but) not yet felt, even indirectly. Further more, it has also been observed [6] the existence of an extra pair of vector like family would enable one to obtain a simple understanding of the inter family mass hierarchy of the three chiral families via a see-saw mechanism for the down as well as the up sector.
In Ref [1] , it was shown that such an extra pair of vector like families and thus ESSM provide some unique advantage over MSSM. They are as follows. (i) First, in one-loop, ESSM is guaranteed to preserve the success of MSSM as regards the approximate meeting of the three gauge couplings simply because the differences of the one-loop β function coefficients for the three couplings are independent of the number of generations (ignoring Yukawa couplings). (ii) While in one-loop, the extra pair of Vector-like families and their SUSY partners lead to the meeting of the three α i 's at the same position M X , as does MSSM, they inevitably raise the slope of each α i and thereby raise the value of the unified coupling α X at M X , compared to that for MSSM, just as desired. (iii) Once α X is raised, as it turns out to nearly 0.2 − 0.3 in one loop (see below), two-loop effects involving contributions of gauge couplings to their self-evolutions naturally become important, especially near M X .
These two-loop gauge coupling contributions, which raise the slopes of the α i 's, together with the softening effects of the Yukawa couplings, which do just the opposite, were studied in detail in Ref [1] , In these studies, smoothed out exact threshold functions [7] as opposed to θ functions were used, allowing for a wide range of variation of the ESSM spectrum in the region m Z → 5 TeV. The evolution of the Yukawa couplings of the model associated with the see-saw mass matrix was, however, studied, for simplicity, only in one-loop, which was inserted into the evolution of the gauge couplings. All the off-diagonal Yukawa couplings of the third chiral family with the two vector-like families as well as the self couplings of the vector-like families (See Yukawa coupling matrix later) were taken to be large (∼ 1 − 2) in all four sectors (up, down, charged lepton and neutrinos), so that they approach their fixed point values at the electroweak scale. The combined effects of the two-loop gauge contributions, together with one-loop Yukawa contributions and smoothed threshold functions, exhibited the following desirable features [1] . (a) Even with the inclusion of the two-loop effects, the three couplings (still) met, remarkably enough to a degree better than one-loop, for a wide range of variation of the spectrum, and that too with a higher α X ∼ (0.2 − 0.3), as well as
17 GeV (compare with α X ≈ 0.04 and M X ∼ 2 × 10 16 ) GeV for MSSM, just as desired. The value of M X for ESSM is certainly closer to the expected string-scale than that for MSSM. The remaining gap of a factor of 5 or so between M X and M st in ESSM may be in part due to the increased importance of the two-loop string threshold effects, corresponding to a semi-perturbative value of α X , which could lead to a significant correction to a one-loop formula for M st , and in part due to three and higher loop effects (see remarks M 1/2 < 500 GeV [8] , which are not in such good agreement with observation.
In summary, ESSM which was studied in the approximation of 2-loop evolution of the gauge couplings, including 1-loop evolution of the Yukawa couplings, exhibits many desirable features. Apart from providing a simple explanation of the inter-family mass-hierarchy, it provides unification with a higher (α X ∼ 0.2 − 0.3), a higher (M X ∼ 10 17 ) GeV and a lower α s (m Z ) compared to MSSM, as desired.
Given these promising features to serve as motivation for further study of ESSM, the purpose of this note is to explore the issue of unification in ESSM further, by improving the approximation of Ref. [1] , especially by including 2-loop evolution of the Yukawa couplings.
It is worth noting that the 3-loop evolution of the gauge couplings in ESSM, including contributions from gauge interactions only, has been studied partially in the mean time in
Ref [8] . It is encouraging that this study showed essential stability of the results of Ref. [1] , except for some increase in M X in some cases relative to the 2-loop result of Ref. [1] . The main reason to study especially the 2-loop evolution of the Yukawa couplings for ESSM is that there are many large Yukawa couplings for ESSM -some 20 in number as opposed to 1 or 2 for MSSM -which are large at M X (See definition of Yukawa coupling matrix later).
At this point, it is important to recall that the Yukawa contributions, whose evolutions were treated in one-loop, exhibited marked beneficial effects for ESSM, in damping the growth of gauge couplings, especially in the region closer to M X . This damping in fact played a crucial role in leading to unification of the gauge couplings with a semi-perturbative value of α X ∼ 0.2 − 0.3, as opposed to non-perturbative values of O(1) [16] , and that too with a relatively low value of α 3 (m Z ), in accord with observation. Now, considering that the gauge, as well as, some 20 Yukawa couplings are relatively large at M X for ESSM (i.e.
, which influence each others evolutions, one would apriori expect that the combined 2-loop contributions of gauge as well as Yukawa interactions to the evolutions of the Yukawa couplings would be quite significant [17] 1 , relative to the 1-loop contributions, especially near M X . It is thus imperative to check whether the inclusion of these 2-loop contributions to the evolution of the Yukawa couplings would preserve, improve or alter adversely the desirable features as regards unification of couplings as obtained in [1] .
2 Evolution of couplings at two-loops
Definitions
We perform a 2-loop analysis of the RGEs (renormalization group equations) of the gauge couplings including the effects of the third generation Yukawa couplings at two-loop, and carefully taking into account the threshold effects due to the spread of the superpartner masses and the masses of the particles in the vector-like families. Furthermore we use mass dependent running of the gauge couplings (see Eqn. (2)), or equivalently the effective couplings formalism which guarantees a smooth crossover at the threshold of each individual particle. The 2-loop RGEs for the Yukawa couplings are given in the Appendix, and those 1 Naively, one would estimate the ratio of 2-loop versus 1-loop contributions to the β functions for the Yukawa couplings to be ∼ [(g 2 or h 2 )/4π](4π) −1 C, where the coefficient C are typically large. Taking a collective representative value of C ∼ 10 − 30, would suggest that the ratio of relative contributions can be about 25 to 75 % near M X , for g 2 /4π ∼ h 2 /4π ∼ 0.25 (say). We, of-course, calculate these contributions exactly.
for the gauge couplings are,
with t = ln µ and
are listed in the Appendix.
When working with a mass dependent subtraction procedure, these coefficients depend on the scale µ through the ratios m k /µ, where m k is any mass running inside the loop. Integrating
Eq. (1) we would obtain the analytical expressions for the effective couplings, which at 1-loop order are given by,
The threshold function F k (m k /µ) has the value ln m k /µ in the limit m k /µ → 0. Therefore, when all the masses are well below the scale m Z < µ we recover the familiar one-loop expression,
On the other hand, F k (m k /µ) vanishes in the limit m k /µ → ∞, giving the familiar decoupling of heavy masses from the running of the couplings. Thereby a smooth threshold crossing with the variation of µ is obtained as stated above. The two-loop parts of the beta functions b ij and a (k) i are matched at each threshold using step-function approximation (see Appendix).
The details of our procedure to determine the masses of the superpartners and a discussion on radiative electroweak breaking in this model is given in the following section.
Near the unification scale, the Yukawa coupling matrix for the third and the heavy vector-like generations (denoted for simplicity as 16 and 16) have the form,
The couplings Hence the RGE for the Yukawa couplings are integrated in a top-down approach in the
with the boundary conditions,
at the vector-like thresholds. Here M Q and M L denote the masses of quark and leptonic members of the extra generations, and v S =< H S >, v λ =< H λ >. Assuming the Yukawa couplings to be large at the unification scale (h i (M X ) = √ 4π), we evolve them to the scale m Z , so that they approach their fixed point near m Z . In order to prevent a too low value of h t (m Z ), and consequently a too low prediction for the top mass, we fix v S /v λ ≃ 0.5 in this section.
We impose the unification condition at (2) effective couplings are only of order 1% larger than the MS couplings, but α 3 (m Z ) can be 5-8% larger, depending on the SUSY spectrum considered. Next question to ask is how much these predictions vary when the scale M Q is varied.
Comparing one and two loop results
Intuitively it is clear that we should recover the MSSM results at the limit M Q → M X . In The plotted value of α 3 (m Z ) is their MS value. When M Q is near the TeV range, the three gauge couplings are non-asymptotically free for most of the range of integration, and they merge together at a larger value of α X compared with the MSSM prediction. When M Q increases asymptotic non-free behavior is lost and we recover MSSM results.
Having fixed the ratio v S /v λ ≈ 0.5, and giving as input m τ = 1. 
Problems in the fixed-point scenario.
It is clear that the most interesting situation from the point of view of semiperturbative unification would be to have the extra vector-like generations around a scale of a few TeV.
However, the mass of the extra vector-like generations can be related to the effective µ parameter needed to get electroweak symmetry breaking. Due to this, a simple numerical estimation shows that the scenario with all the Yukawas in the model at their infrared fixed
The superpotential for the scalar Higgses is given by:
The singlet H S plays no role in the EWSB, and mainly gets decoupled from the other scalars.
But the singlet H λ plays the role of the field N in the Next-to-Minimal Supersymmetric Standard Model (NMSSM) [9, 10, 11] , and EWSB is driven when it gets a vev. The effective µ parameter is defined by:
with the coupling k 1 evaluated at the weak scale, and typically we expect µ ≈ 1 TeV. The vectorlike masses are obtained by diagonalising the matrix given in Eq. (4), but in a first approximation they are given by,
and similarly for the heavy leptons, with the ratio z
effects. For an extra vector scale of the order of some TeVs, we have the near-infrared fixed points,
and k 1 ≃ 0.01. In this situation we expect v λ = µ/k 1 ≈ O(100 T eV ), and thus we would have M Q ≈ O(50 T eV ), much larger than the initially assumed value for this scale. Therefore, if we want to consider smaller values of the vectorlike scale, the initial values of the couplings z f and z ′ c at the GUT scale have to be reduced in order to fit the input value for M Q .
In the next section we will see that large Yukawa couplings at the GUT scale has a significant effect on the susy spectrum. Notice that the effect of large Yukawa couplings is to diminish the s-particle masses. This in turn will favour the presence of charge and/or color breaking minima driven by trilinear couplings, even when the traditional constraint [10, 12] ,
is satisfied. In fact, when all the Yukawa couplings are at the infrared fixed point region, a closer examination of the minimisation conditions of the scalar potential [13] shows that there is always a charge and color breaking minima deeper than the electroweak symmetry breaking one, for any value of M Q . Consequently the Yukawa couplings have to be diminished at the gut scale to recover a global charge and color conserving minima.
3 Higgs and S-particle spectrum
Soft mass evolution
Assuming the universality of soft supersymmetry breaking terms at the GUT scale, the SUSY spectrum at the weak scale is given in terms of following parameters at the GUT scale apart from all Yukawa couplings presented in the previous sections:
The gaugino masses M i are calculated integrating the 2-loop RGE,
The squark and slepton masses of the first and second generation (neglecting small Dterm contributions) are calculated from the 1-loop expression:
where C 2 (R a ) = (N 2 − 1)/2N for the fundamental representation of SU(N). When calculating the squark and slepton masses of the third generation we have properly taken into account the effects of the related Yukawa couplings. We have taken √ 4π as the initial value at the GUT scale for the Yukawa couplings related to h t (m t ), so that h t (m t ) is at the infrared fixed point.
The 1-loop RGE Eq. (13) can be easily integrated numerically. It is convenient to represent them after integration as,m
where the constants c a depend on the values of the gauge couplings and their β-functions, and thus implicitly on the vector-like scale M Q . Compared to MSSM, in the ESSM we obtain an enhancement of the squark and slepton spectrum for fixed gaugino masses, as was noticed in Ref. [8] . This is clearer is we rewrite Eq. (14) in term of the wino mass M 2 ,
where the values ofĉ a are much larger than expected in MSSM. This can be seen in the MSSM limit M Q ≥ 10 16.5 GeV in Table 1 .
We quote the coefficients for the left handed squarks 3 , sleptons left and right, and the Later on we will fix the fermion masses and Yukawa couplings exactly. For low values of M Q (order some TeVs) the squark and slepton masses of the first and second generation are dominated by the gaugino contribution. Even if we assume the wino to be light (on the border of the experimental lower limit), the squark masses are pushed up to the TeV range, the left-handed slepton mass is larger than the gluino mass M 3 , and the right-handed slepton mass is roughly of the same order as M 3 . On the other hand, as M Q increases we tend to recover the MSSM limit where light gaugino masses but large squark masses imply a large value of M 0 , as can be seen in Fig. (3) . The ratio M 3 M 2 ≃ 4 is practically independent of M Q . Thus we observe that in ESSM the superpartner spectrum is considerably different from MSSM due to the renormalization effects of the extra vector-like generations.
calculations of the effective couplings we have assumed degeneracy of left and right handed squarks, and both are taken to bem q .
Tree level Higgs potential
As mentioned above, the Higgs sector of the ESSM resembles that of the Next-to-Minimal Supersymmetric Standard Model (NMSSM) with the vev of H λ generating the effective µ and B parameters at the weak scale:
The couplings k 1 , k 2 and A 1 (the trilinear coupling of k 1 ) are evaluated at the weak scale.
As in the NMSSM, the minimization conditions of the potential for the real components of scalars H 1 , H 2 look like those of the MSSM, whilst the value of v λ =< H λ > has to satisfy the extra condition:
As usual, we have defined tan β = v 2 /v 1 and
. Now, for a given value of tan β and k 1 we can fit the appropiate values of k 2 and A i at the GUT scale, i.e., the universal trilinear coupling A 0 . Once A 0 is known, the effective µ and B parameters are computed as displayed in Fig. (4) . The value of µ is roughly constant and of order the TeV scale, whereas the B parameter decreases with tan β. We have fixed k 1 (M X ) = (4π) for simplicity, and typically k 2 (M X ) < k 1 (M X ) is the favoured parameter space in this case. 
SUSY spectrum and radiative electroweak breaking
We note that in Fig. (2) we did not take into account the constraints from electroweak symmetry breaking (EWSB); we only displayed how the predictions vary when changing the extra vector scale M Q . All the Yukawas were taken as ( √ 4π) at the unification scale, so that they approach their infrared fixed point at low energy. However, we have seen that such scenario cannot lead to the correct electroweak breaking minima when M Q is only a few TeV.
Then, we have to reduce at least the initial values of the couplings z f and z Table 2 : Values of Yukawa couplings and the ratio v λ /v S needed to fit the fermion masses: M Q = 3 TeV, m t = 175 GeV, m b = 4.4 GeV, m τ = 1.7 GeV. The prediction forα 3 , M X and α X is also included.
In table 2 are given some of the values for the Yukawa couplings, and the corresponding prediction of α 3 , M X and α X . We have taken the following boundary conditions at the GUT scale:
The remaining Yukawas not included in the table are taken at (4π) at the unification scale.
As expected, the prediction forα 3 (m Z ) and α X decrease ( a 3% and 10% respectively) when increasing tan β; for large values of tan β the Yukawa couplings related to the bottom and tau sector are allowed to be larger and the model approaches the scenario given in section 2.
Having set the procedure to fix the various parameters of the model at the GUT scale, we can obtain now the SUSY mass spectrum predicted: Higgses (including the mixing between the standard doublets and the singlet H λ ), squarks and sleptons, charginos, neutralinos and gluino. The specimen values with the variation with tan β are given in table 3. In the first rows are given the mass parameters needed to obtain the spectrum. We have taken M 0 = 0 to keep the first and second generation squark masses as low as possible; but even when The same feature of small mixing is present in the scalar Higg sector between the doublets and the singlet. Due to the large value of µ, the Higgs masses coming mainly from the doublets satisfy:
Notice that the lightest (tree-level) Higg mass quoted in Table 3 : SUSY mass spectrum in the ESSM for the case of study, M Q = 3 TeV, M 2 = 90 GeV. The values of the mass parameters at the GUT scale, and the derived effective parameters at the weak scale are also included. The Higg masses are tree-level masses.
are obtained once radiative corrections to the effective Higgs potential are included.
One loop effective potential
It is well known that radiative corrections coming from the one-loop effective potential can
give an important contribution to the masses [14] . These corrections for the case of the MSSM plus a singlet have been calculated elsewhere [15] , being the dominant one that due to loops of the top and stops. In particular, an upper bound can be obtained using the fact that the lightest Higg mass must be less or equal to the minumum eigenvalue of the 2 × 2 CP-even Higg mass matrix for the doublets, given by,
and then,
for the spectrum given in table 3. The upper bound is saturated when the mixing between the doublets and the singlet is negligible, that is, for small values of the coupling k 1 . In table 4 are given the numerical values of the one-loop corrected Higg masses including topstops, bottom-sbottoms and tau-staus effects. We give the Higgs spectrum obtained when The values given in table 4 are for the case M 0 = 0. Larger values of M 0 will imply a general increase in the susy spectrum, and in principle we can also rise in this way the value of m S1 . However this is not the case if we take k 1 to be large (see Fig. (5) , and in this situation the lightest Higg mass dicreases with M 0 . This effect has nothing to do with the one-loop effective potential corrections to the masses, but with the running of the Higg sector parameters (Yukawas and masses), and the fact that the mixing with the singlet increase.
The overall effect is that tree-level potential lightest mass is smaller, and radiative corrections are not enough to overcome this effect. In fact, as we increase M 0 low values of tan β will not be compatible with the current experimental lower bound on m S1 . When M 0 ≥ 800 GeV we have m S1 < 95 GeV for any value of tan β. We remark that the constraint on M 0 is lost by reducing the value of k 1 , that is, in the limit in which the singlet is effectively decoupled from the Higgs doublets. situation when M 0 and/or tan β are large. In order to get the constraint in the plane M 0 -tan β we check that for each set of parameters corresponding to an EWSB minimum there is not a deeper charge or color breaking minimum 4 The allowed parameter space obtained when k 1 (M X ) = (4π) is given in Fig. (6) , where we have also included the constraint m S1 ≥ 95 GeV. The later condition forbids low values of tan β, whilst the CCB constraint excludes large values of tan β.
As mentioned above, the constraint on the low values of tan β can be relaxed reducing k 1 (M X ), although the maximum allowed value for M 0 would get reduced by the CCB constraint (see Fig. (7) . Reducing k 1 will also have the marginal effect of allowing slightly larger values for the couplings z f , z ′ c , which turns to be enough to directly affect the masses of the vector-like slepton masses. The latter are given by diagonalising squared mass matrices similar to those for the third generation squarks and slepton, for example: 
Conclusion
We question the commenly accepted notion of a unified gauge coupling α X ≈ 0.04. If the Minimal Supersymmetric Standard Model (MSSM) is extended by including two vector like families (ESSM) the couplings grow stronger than the low energy ones due to the renormal-iztion effects of the extra matter and unify at a semi-perturbative value of around 0.2. This is in fact the only extension of MSSM containing complete families of quarks and leptons that is permitted by measurements of the oblique electroweak parameters on one hand and renormalization group analysis on the other hand. The former restricts one to add only vector like families whereas the latter states that no more than one pair of families can be added. In ESSM, as an example, the weak SU(2) coupling grows by a factor of six at the unification scale compared to it's weak-scale value (see Fig. 1 A further question will be to get the correct radiative electroweak breaking. We have pointed out that the mass of the vector-like generations is linked to electroweak symmetry breaking by the approximate relation M Q ≈ (z q /k 1 )µ. In particular, an electroweak symmetry breaking minimum which fits the mass of the Z boson exactly cannot be obtained in the infrared fixed-point Yukawa scenario if M Q is below O(100 T eV ). Moreover, the fixed-point scenario (large tan β) suffers from the presence of charge and color breaking minima. On the other hand, a global charge and color conserving minima can be obtained giving up the assumption of all Yukawas at their fixed point.
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Appendix

Yukawa evolution coefficients
The RGE for the Yukawa couplings (at any order) are given by the general expression,
where h We have used the 2-loop anomalous dimensions to evaluate the expression in Eqn (24) which can be written as,
Where the component one-loop and two-loop parts are given by the expressions, 
and similarly for the down-quark sector and the leptonic sector. The normalization factor √ 2 is introduced to avoid overcounting when summing over f = u, d or f = l, ν. 
In order to express the two-loop anomalous dimensions in matrix form, it is useful to arrange the 2 × 2 matrices with the16 anomalous dimension in 3 × 3 matrices as follow:
Using these matrices, the 2-loop contribution to the anomalous dimensions for the quark sector are given by, (γ
u ) ij = − 2h 
